Abstract : From the bicovariant first order differential calculus over inhomogeneous Hopf algebra B we construct the set of right-invariant Maurer Cartan one-forms considered as a right-invariant basis of a bicovariant B-bimodule over which we develope the Woronowicz'general theory differential calculus on quantum groups. In this context, we derive the inhomogeneous commutation rules and investigate the properties of their different terms. 
Introduction
The Poincare group plays a fundamental role in physics. It is intrinsically connected to the geometry of the space-time on which the physical systems are described and could be invariant under its action. Then, it is especially interesting to study the non-commutative version of the Poincare group from which on can hope to obtain new insight on the underling space-time geometry as, for example, an improved ultraviolet in quantum field theories or a description of symmetries in a future quantum Einstein-Cartan gravity. The construction of quantum Poincare group and quantum space-times has already been considered by several authors [1] - [7] . All these construction start from the existence of a R matrix and the consistency of the commutation rules between the different elements of the generators of the Poincare group and those of the quantum space-times. In certain works this consistency is only obtained by introducing dilatation generator which has no analog in the classical limit [4] - [7] Recently, in the work P. Podles and S.L. Woronowicz [8] an inhomogeneous commutation rules for inhomogeneous Hopf algebra without dilatation have been constructed. This construction is based on the existence of bicovariant subimodule of the inhomogeneous algebra regarded as a left module (over the homogeneous part) generated by translations. In this paper we present a quite different method based on the differential calculus over the inhomogeneous Hopf algebra from which we derive the corresponding inhomogeneous commutation rules. Although our formalism is quite different of those presented in [8] , it gives similar results. The present paper is organized as follows: In section 2, we recall some basic notion about inhomogeneous Hopf algebra and construct a right invariant basis of the bimodule over this algebra. This right invariant basis allows us to generalize, in section 3, the Woronowizc proposal [9] to the inhomogeneous Hopf algebra which leads us to construct the inhomogeneous commutation rules and investigate their different terms.
Differential Calculus On Inhomogeneous Quantum Groups
In this section, we start by recalling some basic notions about inhomogeneous algebra B and the covariant first order differential calculus to construct a bicovariant bimodule of one-forms over B and a basis of the vector space Γ inv ∈ Γ of all right invariant elements of Γ. An inhomogeneous quantum group G is built from a quantum group H and translations described by elements p n , n = 1, ..., N corresponding to an irreducible representation Λ n m of H. The corresponding Hopf algebras are treated as algebras of functions on quantum groups, Poly(G) = B and Poly(H) = A. More precisely, following [8] , one defines B as:
1. An abstract unital Hopf algebra genarated by A and elements p n such that
A is a Hopf sub-algebra of B.
3. P = Λ p 0 I is a representation of G.
There exists
In virtue of 2.-3., B is endowed with the following linear maps: -The coaction (algebra homomorphism) ∆ :
satisfying the coassociativity condition
Due to the representation of G the coaction acts on the genetators as
where m : B ⊗ B → B is the multiplication map. The counit acts on the generators as
-An antipode (algebra antihomomorphism) S : B → B satisfying
which implies for the generators
One says [9] that (Γ, d) is a first order differential calculus over the inhomogeneous Hopf algebra (B, ∆, S, ε) if d : B → Γ is a linear map obeying the Lebniz rule, d(ab) = (da)b + a(db) for any a, b ∈ B. Γ is a bimodule over B and every element of Γ is of the form k a k db k , where
and is right-covariant if
) is bicovariant if it is left-and right-covariant. This notion of covariant differential calculus leads to the left-coaction ∆ L and right-coaction ∆ R which are bimodule homomorphisms
and satisfy
In a bicovariant bimodule, the following condition is satisfied
Since, B = P oly(G) = P oly(Λ, p), dΛ n m and dp n generate Γ as a bimodule of one-forms over B, we have Lemme (2,1)
form a basis of the vector space Γ inv ⊂ Γ of all right-invariant elements of Γ. proof. Since p n correspond to an irreducible representation Λ of H, they are linearly independant, so are S(p n ) = −S(Λ n m )p m . Then dΛ n m and dp n or dΛ n m and dS(p n ) form a basis of the one-form vector space which generate Γ as a Bbimodule from which we can choice an another basis
To show the right invariance, it suffices to apply (1), (2) and the properties of the Hopf algebra structure of B to get
Remark ( 
An another left-invariant basis can also be defined asΘ
The bicovariance condition of these basis can be checked by direct computation.
In the following, we consider the basis Θ 
The Commutation Rules For Inhomogeneous Hopf Algebra
Now, we are ready to study the commutation rules for inhomogeneous quantum groups by generalizing the formalism of the bicovariant bimodule theory of [9] to our bimodule presented in the previous section. Since Π n and Θ n m form a right invariant basis, we are in the case where we can apply the different stages of Theoreme (2,3) of [9] to state that there exist linear functionals f ′ such that
and
where the convolution product of a functional f ∈ B
′ and an element a of B is defined as (a ⋆ f )(a) = (f ⊗ id)∆(a). From (10) by setting a = I and
for any a, b ∈ B. By comparing the coefficients multiplying Π and Θ and then by applying ε, we get
By applying now ∆ L to both sides of (10) and (11), we obtain
In virtue of (10) and (11), the first hand sides of previous equations can be rewritten respectively as:
By substituting the first expression into the first hand side of (17) and the second into the first hand side of (18), by comparing the coefficients multiplying I ⊗ Π and I ⊗ Θ and then by applying I ⊗ ε, we obtain
for any a ∈ B. In the following, we assume that 
and the substitution of ( 23) into (13-16) and (19) gives respectively
By using now the associativity of the convolution product and by making the substitution of (29) into the second hand of (20), (21) and (22), we get
where we have multiplied from the left by S(Λ p n )) and we have used (21) before (29) to obtain (32). We see from these relations that for any a ∈ A, (30) is a commutation rule between elements of A and p n and (29), (31) and (32) 
By replacing a by f m k •S ⋆a intoη ℓ ⋆f i m ⋆a = 0 and then acting ε, we getη ℓ (a) = 0 for any a ∈ A which implies also that equation (31) is trivial and the term of (32) which involves p n in the commution rules between elements of A vanishes. Conversely it is easy to see that ifη ℓ (a) = 0 for any a ∈ A, the relations (29) and (32) involve commutation rules between elements of A only and, therefore, A is a Hopf subalgebra of B. In virtue of this proposition, one deduces somes results which will be used in the following. 
where we have used (34) to get the third hand side. By multiplying from the right by f ℓ r (S(a (3) b (3) )) and by using again (34), we get
Following similar considerations, one obtains from (28)
which leads tõ
Now by replacing ab respectively by
andη
In the other hand (27) gives
which can be multyplied from the right by f
A similar computation gives respectively from (25) and (26)
We are now ready to investigate the different commutation rules of the inhomogeneous Hopf algebra B. First in virtue of the proposition (3,1), (29) reduces to
for any a ∈ A, and gives
for a = p a . Note that for a = Λ Second, by repacing a ∈ B by S(a) and acting to the both sides S −1 , (30-32) give respectively
In virtue of the proposition (3,1), (48) is trivial for a ∈ A and by replacing a by (a ⋆ f n k ) ∈ A, the equations (49) and (47) give respectively
For a = p a , the equations (48) and (49) give respectively
To compare (53) with (46), we have to compute the fourth term of the second hand of (46) which gives:
where we have used (40),
obtained from (51) by setting a = Λ a c and
obtained from (21) by setting a = p a and by using (23) and the proposition (3,1). By replacing the fourth term of the right hand side of (46) by (54), we get:
which can be written, after the make of use of (37), (40) and (43), under the form
and, therefore, in virtue of the condition 5. of the inhomogeneous Hopf algebra definition, we can deduce from (58) and (53) that 
2. Although the formalism presented above is quite different from those of [8] , we arrive to similar formulae for the commutation rule between the elements of A and the translations (51) and (68) which become identical iff n m (S(a)) = f n m (a) for any a ∈ A. This latter equation is verified forη n (p a ) = 0 and it is true, as a consequence of (59) and (60), for any a ∈ B. In this case the formulae (34), (35) and (68) are also true for any a and b ∈ B and (68) can be combined with (34) to see that A ∋ a → ρ(a) = f (a) η(a) 0 ε(a) ∈ M N (C) is a unital homomorphism.
This formalism leads also to a similar commutation rules between translations (67) with the condition R 2 = I ⊗2 on the R matrix which is not an additionnal assumption but a consistency condition between the different commutation rules. 
